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Shock wave propagation conditions in an elastic medium with a Murnaghan
potential [17 are investigated, The velocities of the possible shock waves are
found from the solution of the system of equations in jumps on the shocks, Neces-
sary conditions for the existence of shocks, analogous to the Zemplen theorem
for a perfect gas, are obtained by using the second law of thermodynamics on the
surface of discontinuity,

The propagation of weak waves of discontinuities in an elastic medium under
finite strains has been investigated in [2] et al, The elastic medium was consid-
ered incompressible in [3], Shock waves propagation has been studied for a com-
pressible elastic medium in [4 — 6], etc, The governing equations were written
as a generalized Hooke's law in [4]; expressions were obtained for the shock
velocities as was the existence condition for a quasi~transverse shock, The shocks
were studied for the particular cases of deformation of the medium ahead of the
shock [5,6].

1, Let us define an elastic medium by the Murnaghan potential

W = al® + ely + U T, -+ mly + nld .1
I, = ey, Iy = epitys I3 = einenjtii
ei; == My (uy; + Wy — Up, 8y, ;)

Here ¢;; is the Almansi finite strain tensor, [, I,, I3 are the invariants of this ten=-
sor, and ¥; are the displacement vector components in a Cartesian coordinate systermn,
The coefficients ¢ and ¢ are expressed linearly in terms of the Lamé parameters, and
the coefficients [, m, n arethe ordinary Murnaghan coefficients or third-order elastic
moduli., The applicability of (1,1) for a broad class of materials is shown in [7, 8], where
these coefficients have been determined experimentally,

The following constraints on the coefficients «a, ¢, [, m, n in(1,1) result from the
condition of nonnegativity of the function W :

a >0, ¢ >0, sign! ~ signn = sign I, (1.2)
sign m - sign /4

The eqgualit . .
y Iy = (2 e + en® + en’ — enen) Iy

is satisfied in the case of the plane state of strain, The expression in parentheses is non~

negative, hence .
sign I, = sign [ = sign m 1,3)
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Let us calculate the Euler strain tensor 0;; from the following formula [5]:

L LT Y 1.4
O = —5:- 68.&-- (6;"3 e;”) ( )
4 1,
£ = (1—2h + 202 — 2L — 4 I3+ 4Dl — 5 Ty)
Po

The relative density p / p, is expressed in terms of the Almansi tensor invariants [11.
Substitutung (1.1) into (1, 4) results in the governing equation

O;5 — 2 aehkéi,- -+ 2 Ce;j ~+ (3 n— 2 (l) ll/.zg,k 6” + lvskvhséw + (105)
21— 2a—¢)uppvij+ (3 m—4¢)v;pvp;
vij =Yy (uy,; + i)
Let a swface of discontinuity 3 move at some velocity &, in the medium under con-
sideration, Let us introduce a moving system of coordinates coupled to ¥ , let us direct

the x,axis normal to the line of discontinuity, Let the fixed coordinate system have
axes parallel to the moving axes at some time, then the transformation formulas are

0 s 0 @ a 8 8
T " Ougy Flugr Gy
Here § / 8t is the delta derivative with respect to time {9]. The displacements on X
are continuous, hence
[ui. j] == [ui, 2] 61'2 (1,86)

The square brackets denote jumps in the corresponding quantities, The displacement
velocities in the moving coordinate system are calculated from the formula
vy = 6&5 / 6t + (?Jz — G) ui, 2 + vlui, 1 (107)

Performing the jump operation in (1, 7) and taking account of (1,6), we obtain

;] = uy, y o) + (e — G) uy, 5} (1.8)

Let us examine the particular case when the displacement vector components ahead
of the shock are independent of x;,then from the expression for ¢;; in (1,1), (1.5) and
(1.6) we obtain expressions for the jumps in the strain and stress tensors for the case of
the plane state of strain

lose] = fix [ug, o], [og] = fan lug, ol 1.9
fu= {c— M (uza — lus, o)} fra = — MUt
fa = —hs (2uds — lus,l), far = Mo — Ay (Quils — luapl)
Ay = 2(a + o), M=2a+3c—1—3%m
Ay=T(a-+c)—3(+ m-+ n), Ay = 1/, (4a + 8c — 21 — 3m)
Solving (1. 8) for .[y;], we obtain
[v;} = (a7 — Gy {luy, o1 + uis [us, ] / (1 — uga)} (1.10)
[v] = (v — G) luy, .1/ (1 — usp)

Let us append the dynamical comatibility conditions for the discontinuities on the shock
to (1,9),(1.10)
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[612] = 07 (V3™ — @) [vy] (1.11)
[022] = p (?—72_ — G) [Ug], [P (UZ — G)] == ()

Equations (1, 9) — (1,11) form a closed system in the jumps of the discontinuous quanti~
ties, Eliminating the jump in the stress and strain tensor components therefrom, we
arrive at the following:

V {luy, o] 4 uie [us, 21 / (1 — use)} = fin [0y, 5l (1.12)
Vg, o = (1 — ugp) fan lug, ol V=0 (v —G)p?
Let us consider V' an unknown quantity characterizing the velocity of shock wave pro-
pagation, Eliminating [u,, ,] from (1,12), we obtain a cubic equation in ¥
AVE —BV: —CV +D =10 (1.13)

Because of unwieldiness we do not present expressions of the coefficients 4, B, C, D
in terms of the quantities in (1,12), If the discriminant of the cubic equation (1,13) is
positive, then it has three real roots, Since ¥V > 0, then the number of positive roots
governs the number of possible shocks,

2, Let us use the small parameter method to investigate the roots of (1,13) by con=-
sidering u;', a small quantity, Neglecting squares of this quantity in (1,13), we obtain

A0V3+B(]V2+C°V+D0:0 (2.1)
Ay = 1 — ugy, B, = Ao*fze + 2 Aofn
Co = Aofn2 + 2Ao2f22fu’ D, = Aozfzzfll2

which can be reduced to

(V— V&) (V — Vo) (V = V) = 0 2.2)
VlO = Aofzg: Vzo = Vso = fn

Substituting V = V,°and V = V,° into (1,12) in the same approximation results in
the respective equalities

[uy, o] = 0, [y, o] = (foo -+ fr1 457) [Ug,e] (2.3)

Hence, it is seen that the first approximation in the case considered yields the same
results as the linear theory : two shocks, a longitudinal and a transverse, are possible,
The nonlinearity is felt only quantitatively in the values for the propagation velocities
for these shocks,

Let us turn to finding the second approximation for the roots of (1,13), which we shall
represent as the sum of the first approximation and of a small additional term

V, =V + VY Vo=V’ + V! (2.4)

Substituting (2, 4) into (1.13), we obtain the following values for V, and V, to higher

order accuracy

o As(Vi® + A1 Ae o o o
V=V — %ﬁ}%mo (Vi2 — Vo) =+ Vi + Mo Ao [unal} un,® (2.5)

) A X i
Vs =V’ == (Vo + Aohy) {ﬂ-(—?,%ﬁ;ﬂ‘ﬁ)—} Ui’
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Let us call the shock corresponding to the root V¥, quasi-longitudinal, and to the roots
V-m quasi-transverse, The existence of quasi-transverse waves is possible if the discri-
minant in the cubic equation (1,13) is positive resulting in the inequality

Mg lug, 2 <O (2.6)

For known elastic materials, the coefficients [, m, n are small compared to the
coefficients @ and ¢, i.e. Ay > 0, hence, from (2.6) we obtain the inequality

[u,,0] <O 2.7

Let us note that the inequality (2. 6) is valid for any [, m, n for I, <C 0 according to
(1.2) and (1, 3), The inequality (2,7) was first obtained in [4] for a quasi-Hooke model
of an elastic medium,

8, The thermodynamic condition of compatibility of the discontinuities, which is a
corollary of the second law of thermodynamics, should be satisfied on the shock. Let us
write this condition as [10] 1 4

TA[vivi]“{"Ai[vi]"_E[W] >0 (3.1)

A=p" (v —G), A= — Av*
In this case the inequality (3,1) becomes the foliowing:

— 0 = ) Il — (0 —6) [P (3.2)
612" [01] 4 00" [2a] — (00" — @) [W] >0

Using (1.1), the jump in the elastic potential can be represented as

(W1 = aleyy + e)?] + (I + ¥ m) sy + e2) enenal + (3.3)
¢ lesnens] + (n — Uy m) [(eyy + €20)®]

From (1. 8) we find the values of the stress tensor components 0y," and 0,,*
+ + + o+ -+ + +2 +2
012" = clif,s — Mlss Uss, Oas" = Mliz,2 — Agliza — hglii)e (3.4)

Let us examine the inequality (3, 2) in the case of a quasi~longitudinal shock, Substitu~
ting (3, 3), (3. 4), (1.14) and the first equality from (2. 4) into (3, 2) and limiting ourselves
to the cubes of the tensor components of the displacement gradient, we obtain the ine-

quality

(at+c+ld+m4+n)lu,,l>0 (3.5)
For the case when the coefficients [, mn and n are small compared to the coefficients
a and ¢, the inequality (3, 5) takes the simple form

[ug,0] >0 (3.6)

It follows from (3, 6) that quasi-longitudinal rarefaction shocks are impossiblw in elastic
media, In the case of a quasi-transverse shock, the left side of inequality (3,2) is iden-
tically zero, to the accuracy of cubes in u;; .

Therefore, if energy dissipation by a quasi~longitudinal shock is of third order in the
tensor components u;, j, then energy dissipation by a quasi-transverse wave is higher
than third order in the case under consideration,
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By the method of Fourier integral transforms we construct the exact solution of
the problem of equilibrium of a nonhomogeneous half-plane z > 0 under the
action of normal and tangential forces applied to the boundary, The shear mo-
dulus of the half-plane is a power function of a linear binomial in the Cartesian
coordinate z while Poisson ratio is constant,

In the papers [1 — 4], devoted to similar problems, the equilibrium of a half-
plane and a half-space z > 0 with modulus of elasticity £ (z) = E¥ , was in-
vestigated, It is obvious that such media are physically not real, since the mo-
dulus of elasticity is equal to zero on the surface, This circumstance, in parti-
cular, implies a restriction on the possible values of the exponent k. Thus, for
example, the formulation of the problem on the action of a distributed load has
sense only for 0 < & <C 1, which in turn, restricts considerably the sphere of ap-
plicability of the power law adapted by the authors as an interpolation formula



